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Abstract

We consider a class of generalized convex functions, which are defined according to a pair of
quasi-arithmetic means on the rectangle from the plane and called co-ordinates (M, My)-
convex functions, and establish various Fejér type inequalities for such a function class.
Applications to inequalities involving the gamma function, the beta function, the fractional
functions and special means are also included.
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1. Introduction

The Hermite-Hadamard inequality, name after Charles Hermite [21] and Jacques Hadamard
[19] and sometimes also called Hadamard’s inequality gives us a lower and an upper estima-
tions for the integral mean value of any convex function on a closed interval, involving the
midpoint and the endpoints of the domain. More precisely, if f : [a,b] — R is convex, then
the following chain of inequalities hold:

f(a;b)gbia/:m)dmw' (1.1)

There is an extensive literature devoted to develop applications of this inequality, as
well as to discuss its extensions, by considering other measures, other kinds of convexity, or
higher dimensions (see, for example, [4] [7, 9] 12} T3], 16} 17, 20} 24, 25] 29} 30, 34, 35, 45, 146,
47,148, 1491, 501, 42], 43]). Many classical results related to this inequality can be found in the
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monograph of Pecari¢, Proschan and Tong [38]. Especially, in the last two decades it has
received much attention. The monograph of Dragomir and Pearce [14] gives a comprehensive
review of this literature.

In recent years, many mathematicians have studied the results for the inequalities for co
-ordinated convex functions [14} 22, 36 23], 42}, [39]. Especially, in [10], Dragomir established
the following similar inequality of Hadamard’s type for co-ordinated convex mapping on a
retangle from the plane R2.

Theorem 1.1. Suppose that f : A = [a,b] X [¢,d] — R is convex on the co-ordinates on A.
Then one has the inequalities:

a+b c+d
f( et )

/fayder—/fbydy}

<f(ac)+fad—|—f(bc)+fbd
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These inequalities are sharp.

Recently, Duc, Hue, Nhan and Tuan [§] was consider a class of generalized convex func-
tions which are defined according to a pair of quasi-arithmetic means and called (M, My,)-
convex functions, and establish various Fejér type inequalities for such a function class.

In this paper, we investigate weighted quasi-arithmetic means on the rectangle from the
plane.

Let ¢ : [a,b] — R a continuous and strictly monotonic function. The quasi-arithmetic
mean of a and b with weight a € [0, 1] is denoted by M(a, b; o) and defined by [5]

Mg(a,b;a) = 67" (ag(a) + (1 — a)p(b)) .

Here and subsequently, £ and J denote open intervals in the real line R, ¢ : £ — R
and ¢ : J — R are continuous and strictly monotonic functions. With the quasi-arithmetic
means M, and M, in hand, we are now in a position to generalize the notion of convexity.
According to Aumann [2] (see also [33]), a function f : E — J is said to be (M, My,)-convex
if it verifies the following analogue of Jensen’s inequality:

fM(,y; ) < My(f(2), [(y); @) (1.3)
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for all z,y € F and « € [0, 1].

Let us consider the bidimensional interval I := [ay, b1] X [as, by] in R? with a; < by, as < by
and [ay,b1] C E,[as,by] C E, E and J are open intervals in the real line R, ¢ : £ — R and
¥ @ J — R are continuous and strictly monotonic functions.

A function f: I — J is co-ordinated (Mg, M, )-convex on I if the partial mappings

fyila, i) = J, fy(u) == f(u,y)
and

fo i ag,bo) = J,  fo(v) := f(z,v)
are (Mg, My)-convex for all y € [a1, b;] and x € [ag, by).

Note that every (Mg, M,,)-convex mapping f : I — J is co-ordinated (M4, M,,)-convex
but the converses not generally true.

Accordingly, the aim of the present paper is to deal with interpolating inequalities of
Fejér, which not only provide a natural and intrinsic characterization of the co-ordinated
(M, My)-convex functions, but also agree with a wide class of known inequalities of
Hermite-Hadamard and Fejér type for different kinds of convexity. At the same time, we
establish some inequalities involving the gamma function, the beta function, the continuous
probability density functions.

2. Fejér type inequalities for co-ordinates (M, M, )-convex functions

In what follows, let f : I — J be co-ordinated (M, My)-convex on I, and let w;,0; :
[0,1] — [0, 00) be integrable, with [ w;(t)dt > 0; [lo:(t)dt > 0,i=1,2 for all 5 € (0,1).
For simplicity of notation, we will write
a = (ay,as),b= (b, by),t = (t1,t5) € [0,1]%
My(a, by o) = (My(ar, by; a), Mg(ag, be; ),
Li(t1) = Mg(ar, My(ar,bi;a);ty),
Lo(ta) = My(az, My(asz,ba; a);ts),

L(t) = L(t, b)) = (,cl(m; Eg(tg))

Ri(t1) = My(by, My(ar, bi;a);ty),
Ra(ta) = My(by, My(az, ba; a); ta),

R(t) = R(t1,t2) = <R1(t1);7€2(t2)>.

We see that
,C(l,l) = (al,aQ), R(l,l) = (bl,bz),
L(1,0) = (a1, Mg(az, by; @), R(1,0) = (b, My(az, by; @),
E(O, 1) = (M¢(a1, bl7 Oé), CLQ), R(O, 1) = (M¢(CL1, bl, Od), bz),
L£(0,0) = (Mg(ar, bi; ), My(az, ba; ),  R(0,0) = (Mgy(as, bi; a), My(az, ba; av))



Theorem 2.1. Let F,G : [0,1]2 — R be defined by
F) = 0™ 020 81 (1), Lalt)) + a1~ a)uro F(L:(1),Raa)
(1= @)a o f(Raftn), La(e) + (1= @)% o J(Rs(11). Raft)]
and
Gt)=v¢! {tﬂfﬂ/} o F(1,1) +t1(1 —t3)1 o F(1,0)
+ (1 —t1)tep o F(0,1) + (1 — t1)(1 — t2)v o F(O, 0)]

respectively.

1. The functions F and G are My-convez, increasing on co-ordinates on [0,1]?, and

F(0,0) =G(0,0) = f(Mg(a,b; ),
‘7:(170) = g<170) = M¢[f(a1,M¢(a2,bz, )); f(b17M¢>(a2ab2;a)>;a]7
F(0,1) = G(0,1) = My[f(Mg(ar, bi;a), az), f(Mg(as, bi; @), by); al,
F(t) <G(t), t=(t,ty) € (0,1)% (2.1)
F(1,1)=6(1,1) =y ! {a Yo flar,az) + a(l —a)po flay,bs)

+ (1 —a)arp o f(by,as) + (1 —a)?p o f(by, bg)] .

2. For s = (s1,82) € (0,1]2, define

o 081 52 1/} o ./—"(tl, tg)’wl(tl)wg(tg)dtldtg)
I(S) N sz ( w1 (tl)dtl U)Q(lfg)di’g ’
o o tl’w1<t1>dt1 52 tgwg(tz)dtQ
B8(5) = (Br(o1). Aa(sn)) = ( e ).
and
Hs) = 1/11< o Vo G(Bis1) ta)wa(ta)dty  [7 o Glt, 52(52))101(751)65751)
2f Wao t2 dtQ 2f051 wl(tl)dtl .

Then F o 3, T and G o 3 increase on co-ordinates on (0,1]* and satisfy

lim lim Fof(s)= lim lim Z(s)= lim lim Go f(s) = f(My(a,b;a)),

51—01 s0—01 51—01 s0—01 s1—01 so—0t
Fof(s) <I(s) <H(s) <GofB(s) < F(s), s=(s1,5)c (0,1
(2.2)
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3. For s = (s1,52) € (0,1]%, define

fsll fslz w ° f(tlv t2>61 (t1)92(t2>dt1dt2
S0 dt [, 0a(t)dt !

P

Jiti(t)dty [ t292(t2)dt2)

Y(s) = (11(51),72(s2)) = ( fsll 0, () )dt ) 052 O(t2)dts

and

K(s) = w—l(fsz¢0g(71(81) , to)wa(te)dty n f o G(t1,72(s2 ))wl(tl)dtl)‘

T
2f32 W2 tQ dtg 2f w1 dtl
Then F oy, J and G o~ increase on co-ordinates on [0,1)? and satisfy

G(s) < For(s) < T(s) K(s) Gon(s), s=(s1,5) € (0,1],
hn11— linl1_ For(s)= lirrll_ hH11— J(s) = lin;l_ hHll_ Gon(s)=G(1,1). (2.3)

If, in addition, w; = 0;,i = 1,2, then Z(1,1) = J(0,0).

The following three lemmas that will be imperative to the proof of the main result of
the above theory.

The first lemma, called Aczél correspondence principle [I] (see also [33, Lemma A.2.2]),
reduces the co-ordinates (M, My,)-convexity to the usual convexity of a function derived
via a change of variable and a change of function.

Lemma 2.2 (Aczél correspondence principle). If @ is increasing on J, then f is co-
ordinates (Mg, My)-convex on I if and only if ¥ o f(-,¢7(y)) is convexr on ¢([a1, b))
and 1 o f(¢~(x),) is convex on ¢([ag, bs]). Conversely, if 1 is decreasing on J, then f is
co-ordinates (M, My)-convez on I if and only if P o f(-,¢~(y)) is concave on ¢([ay,bi])
and ¥ o f(¢p~(x),-) is concave ¢([az,bs)).

The following lemmas [8] provides a useful inequality related to convex functions, which
generalizes the result of Hwang, Tseng and Yang given in [22) Lemma).

Lemma 2.3 ([§]). Let H : [A,B] C R — R be a convez function and let B € [0,1]. Then
for any C, D € [A, B], with A+ (1 —)B = pC + (1 — B)D, one has

PH(C)+ (1= p)H(D) < BH(A) + (1 - B)H(B). (2.4)

Lemma 2.4 ([§]). Let P :[0,1] — R be continuous and increasing.

1. For s e (0,1], define
Jo P@)wi(B)dt

Pils) = T wi (t)dt

Then Py is increasing on (0, 1], with
lim Pi(s) = P(0) < Pi(s) < P(s), se€(0,1]. (2.5)
s—0
)



2. Similarly, for s € [0,1), define
[ P(tyws(t)dt
[lwytydt

PQ(S)

Then Py is increasing on [0,1), with
P(s) < Py(s) < P(1) = lim P(s), s€]0,1).

s—1—

From the above lemma we can construct the following lemma that it allows one to
establish various weighted interpolating inequalities for a continuous and monotonic function

on co-ordinates.
Lemma 2.5. Let P : [0,1]> — R be continuous and increasing on co-ordinates.
1. For s = (s1,s9) € (0,1)?, define
p (5) . 081 052 P(tl,tg)wl(tl)wg(tg)dtldtg
! fOSI w1 (tl)dtl 052 W2 (tQ)dtQ

Then P is increasing on co-ordinates on (0, 1)%, with

lim lim Py(s) = P(0,0) < Pi(s) < P(s), s=(s1,52) € (0,12 (2.6)

514)0"" 324)0""
2. Similarly, for s € [0,1)%, define
Byls) = o [ P, 0)00(t)0(t2)dtydt
2(8) = :
o 01(t)dty [ 0s(t2)dts
Then Py is increasing on co-ordinates on [0,1)?, with

P(s) < Py(s) < P(1,1) = lim lim Py(s), s=(s1,s2) €[0,1)%

s1—17 so—1—

We are now in a position to prove the theorem.

Proof of Theorem [2.1 Since 1 is strictly monotonic, we need to examine two possibilities of
1. Assume first that ¢ is strictly increasing on J. But then, because ¢ is also continuous on
J, ¢! is continuous and strictly increasing on (). Furthermore, by Aczél correspondence
principle, ¥ o f(-, ¢~ 1(y)) is convex on ¢([a1, b1]) and ¥ o f(¢~(z),-) is convex on ¢([az, b)).

1. To show F is co-ordinates M-convex on [0,1]?, it suffices to show that ¢ o F is

co-ordinates convex on [0, 1]%. We have

b o F(t) =% o f(¢—1<A<t1>>, ¢-1<A<t2>>)
Fa(l - appo f(<b1(A(t1)), ¢1<B<t2>>)
F(1-a)apo f(¢1<B<t1>>, ¢1<A<t2>>)

L (—aPpof (¢1<B<t1>>, ¢1<B<t2>>),
6



where
A(ti) = tid(a;) + (1 — &) (ag(a;) + (1 — a)o(b;)), i=1,2, (2.7)
and
Since ¥ o f o ¢~ !(ty,-) is convex on ¢([a1,b1]), A(t1) and B(t;) are linear on [0,1], it
follows that 1 o F(t1,-) is convex on [0, 1] as claimed. Similarly, ¢ o F(-,t5) is convex on
0, 1]. The co-ordinates M y-convexity of G on [0, 1]* immediately follows from the definition
of G.

Next, it is easily seen that

:Mw[f(al,./\/lqﬁ(amb% ))7f(b1=M¢<a2=b27 ))]7

= ‘F(()? 1) = Mw[f<M¢(alablv ) )7f(M¢>(a17b17 ) bZ)]
Now, by the convexity of ¢ o f(¢~(z),-) and ¢ o f(-, 67 (y)),

Yo fo7 (A(t)), 67 (Alt2)))
<tipo flar, ¢~ (A(t2)) + (1= t1) o f(My(ar, bis ), o' (Alt2))

<t (tzw o f(ar,az2) + (1 —t2)v o f(ar, Mg(as, bo; 04)))

F-n) (tzw o F(Ma(ar, biza).az) + (1 — ta)ir o F(Moar, bis ), Mg(a, b a>>>,

< tio flar, ¢ (B(t2) + (1 — ta)ip o f(My(ar, bis o), ¢~ (B(t2))

bo (6 (A()), 5L (B(1)))
)
§t1<t2’¢0 Flansba) + (1~ ta)upo <a1,M¢,(a2,b2;a>>)

+(1—t) (t2¢ o f(Mgy(ar,bi;a),bz) + (1 —t2)v o f(Mg(ar, bi; ), Mg(az, ba; 04))>a
and

o f(¢o 1 (B(th)), ¢ (Alt2)))
<tipo fbr, A(ta)) + (1 = t1)p o f(Mg(ar, bi; ), A(t2))

+
< (tzw o F(br,as) + (1 — ta) o F(br, Mo (az, b a>>)

F-n) (tzw o F(Ma(ar, bisa).az) + (1 — ta)ir o F(Moar, bis ), Mg(a, b a>>>,



Yo f(¢~H(B(t)), ¢~ (B(t2)))
< tipo fby, B(tz)) + (1 —t1)1 o f(My(ar,br; @), B(ts))
+ (

<t (tzw o f(b1,b2) + (1 —t2)th o f(b1, My(az, ba; 04)))

La-n) (tzw o F(Mi(ar bis ) bo) + (1 — )0 0 F(Mo(ar, bi; o), My(az, b: a))).

We thus get
Yo F(t) < tity (&w o f(a1,as) + a(l —a)y o f(a1,bs)
+ (1 —a)arp o f(by,as) + (1 — a)*po f(by, b2)>
+t1(1 —to) (aw o f(a1, Mg(ag, be; ) + (1 — a)p o f(by, My(ag, be; a)))

(- h) (aw o F(Moar, br:a),a) + (1 — a)iro F(Mo(ar, bi; o), @))

+ (1 = t1)(L = t2)p o f(My(ar, bi; ), My(az, by; )
=1 oG(t)

and, because 1! is increasing on ¥(J),
F(t) <G(t), t=(t,t2) € (0,17
whence ([2.1)) is verified.

We proceed to show that F is increasing co-ordinates on [0, 1]%. To this end, suppose
that 0 < ¢; <r; <1,i=1,2. By the co-ordinates (M, M, )-convexity of f,

FI0.12) = 07 a0 0 F(Molan, i), Lalt) + a1 = )b o F(Mo(an. i), Rata)
+ (1 —a)arp o f(Mg(ar,br;a), Lo(ta)) + (1 — o) o f(Mg(aq, bs; a),Rg(tg))}
= 07w o (Mol b ). £aftn) + (1= )0 F(Myar, i), Raft)
< 0w o MuIFEA(0). £a(a), SR (1), £a()

+ (1 = a)p o My[f(L1(t1)), La(t2)), f(R1(t1)), Ra(t2)); 04]}
— f(tl, tg)

which yields
o F(ty,ta) > 1o F(0,ts).
8



Similarly,
Yo Flty,ta) > b o F(t,0).

Together with the co-ordinates convexity of 1 o F, this gives

wOI(Tl,tz)—wOI(tl,tQ) > wo}“(tl,tQ)—wo}"(O,tg)
7’1—t1 - tl—O

>0

and

o F(ty,r2) — 1 o Fty, t2) S Yo F(ty,ta) — ¢ o F(t1,0)
0

>0
r9 — lo -

Y

)
2
which implies that ¢ o F is increasing co-ordinates on [0,1]%. Since ¥~! is increasing on
¥(J), we conclude that F is increasing co-ordinates on [0, 1]? as desired. Since

+ (1 —1t) <t2w o F(0,1) + (1 — )10 o F(0, 0)) ,

o G(t) =ty (tlw o F(1,1) 4+ (1 —tq1)1p o F(O, 1)>

+ (1 —t9) <t1w o F(1,0) 4+ (1 — t1)1p o F(O, O)>

and
F(0,1) < F(1,1), F(1,0) < F(1,1),

F(0,0) < F(0,1), F(0,0) < F(1,0)
it follows that ¢ o G, and so does G, increases co-ordinates on [0, 1]2.
2. Applying Lemma 2.4 for P = v o F, we conclude that 1) oZ is increasing co-ordinates
on (0, 1]%, with
lim lim ¢ oZ(s) =1%o F(0,0) =1 o f(My(a,b;a)).
S1ﬁ0+ 82—>0+
Since ™! is continuous and strictly increasing on 1 (.J), it follows that Z is increasing co-

ordinates on (0, 1]* and
lim lim Z(s) = f(Myl(a,b; a)).

51—01 so—=0+
Again, by Lemma [2.4] 3 is increasing co-ordinates on (0, 1)?, with
lim lim B(s) = (0,0) < B(s) <s, se€ (0,12

s1—01 s9—0t
Thus, the first part of the theorem asserts that F o 5 and G o § are well-defined, increasing
co-ordinates on (0,1]? and

lim lim Fof(s)= lim lim Gof(s) = f(Myl(a,ba)).

s1—=0t so—=0t s1—=0t so—=0t

9



Our next goal is to show the inequalities in (2.2)). Fix s = (s1,52) € (0,1]>. Applying
Jensen’s inequality (see, for example, [38, Chapter 2]) to the convex function ¢ o F,(¢;) on
the interval [0, s;] with respect to the measure w;(t;)dt;, 7,7 = 1,2 we obtain

Sl t1w1 (t1>dt1 82 t2w2(t2)dt2 051 w o F(tl, t2)w1 (tl)'LUQ (tg)dtldtg
¢ F 51 ) 32 < S1 S )
w1 (tl)dtl W2 (tg)dtg f w1 (tl)dtl Wo (tg)dtg

which yields
FopB(s) <Z(s).
Sine F(t1,t2) < G(t1,t2) for all ty € [0, s3] we get that
o Yo F(ttwi(t)dh _ [ ¢ oGt ta)un(ta)dh
f051 wy (t1)dt - f051 wi (t1)dty

<Y oG(Bi(s1),t2).

Hence

o Jo o Flty, ta)ws(t)wy(ts)dtydty < o U0 G(Bi(s1), ta)ws(ta)dts

51 % < 5 2.9
f w1 (tl)dtl Wao <t2)dt2 fO Wwao (tQ)dtQ ( )
In a similar way we get

ol JoZ o Fty, ta)ws (t )wy(ta)dtydty < o W oGty Ba(s2))wi(ty)dty (2.10)

w1 (tl)dtl 52 Wo (tQ)dtQ - fSI w1 (tl)dtl

0
Summing 1) and ([2.10) we obtain

OS1 (]S2 ¢ ° “F(tlv t2)w1 (tl)w2(t2)dt1dt2
f wl(tl)dtl UJQ(tQ)dtg
< 1( 0 w0g<51(81)’t2)w2(t2)dt2 n 0811/’Og(t1;52(52))w1(t1)dt1>

-2 f082 Wao (tz)dtg f;l w1 (tl)dtl
which, as the function 1! is increasing, implies

* 0 G(Bi(s1), ta)walta)dty [ o g(h,ﬁg( ))w1(t1)dt1 B
Qf Wao tg dtQ 2f0 ) o H(S)

Next, it is easily seen that

<><w<

H(s) < Go[(s).
It remains to show
Gop(s) < Fls).
We utilize Lemmal2.3| with H = H(z,y) = ¢of(¢~(z), s (y)), A = min{A(s;), B(s1)},
B = max{A(s1), B(s1)}, €' = min{A(B1(s1)), B(A1(s1))}, D = max{A(Sy(s1)), B(b1(s1))},

and
5o o if A(s)) < B(sy),
| 1—a if A(sy) > B(s1),
10



where A(+) and B(:) are as in (2.7) and ({2.8]), respectively. To do this, we need to ensure
that C, D € [A, B], with BA+ (1 — 5)B = C + (1 — 5)D. But this immediately follows
from the fact that

BA+(1—8)B=pC+(1-p5)D = ad(a)+ (1 —a)é(b)
and

B — A= s1|¢(b) — ¢(a)] = bi(s1)|d(b) — ¢(a)| = D = C.

A computation shows that

Yo G(Bi(s1),s2) = BH(C,s2) + (1 = B)H(D, s2)
and
o F(s1,82) = BH(A,s9) + (1 — B)H(B, ss).
On account of , we have

Yo G(Bi(s1),82) < Yo F(s1,52),

therefore
o G(Bi(s1), B2(s2)) <Y oG(Bi(s1),s2) <o F(sy,s)

which establishes the desired inequality.

3. We proceed similarly as in the proof of part 2, with 5 and (0, s;] x (0, s3], respectively,
replaced by 7 and [s1, 1) X [sq, 1), we can assert that Fo~y, J and G oy increase co-ordinates
on [0,1)% and follows. If w; = 6;,7 = 1,2, then Z(1,1) = J(0,0), which is clear from
the definitions of 7 and 7. O]

Let us now mention another important consequence of Theorem [2.1] It should be pointed
out that a variety of Fejér type inequalities for co-ordinates (M, M, )-convex functions can
be produced by choosing various weights, wq, ws and 61, 65. For instance, let us choose

and
0i(t) = (1 = a)hy(t;) o Li(ts) + ahy(t;) o Rilts), ¢ € [0,1],i=1,2
where g;, h; : I — [0,00) are given to satisfy

l—-a a
gilti) o Li(ti) = ——

and
1—
Uity o Li(ty) = : © hi(t) oRi(t), i € [si, 1. (2.12)
a -«
Notice that if & = 1/2 and ¢(z) = x, then the assumptions (2.11]) and (2.12)) reduce to the
ones that g; and h; are symmetric to (a; + b;)/2 for i = 1, 2.

11




A computation, using and £(0,0) = R(0,0), forces
/ w1 (tl)dtl / ’LUg(tQ)dtg
0 0
= ((1 — Oé)/ 91(t1) @) ,Cl(tl)dtl + Oé/ gl(tl) @) Rl(tl)dtl)
0 0
X ((1 — Oz) / gg(tg) ®) Lg(tz)dtQ + OZ/ gg(tg) 9] RQ(tQ)dtQ)
0 0

1 Ri(s1) Ra(s2)
TSN TT TP Sy #2000

/ / Yo F(ty, ta)wi(tr)wa(tz)dt dts

/ (/ [0 f(Laltr), L(t2)) + (1_O‘WOf(£1<t1)vR2(t2))]w2(t2)dt2)wl(tl)dtl
1—a (
s )

lath o F(R(t), La(ts)) + (1 — a)ip o f(Rl(tl),Rg(tQ))]wg(tz)dtg)wl(tl)dtl

722(52)
Cas2) J(La(t1) x2)92($2)d¢($2))wl(tl)dtl
1—« Ra(s2)
m \/0 </£2(82) ¢ ° f(Rl (tl)’ x2)92($2)d¢<x2)> w1 (tl)dtl
1 Ra(s2) S1
W /£ (s2) </ [ o f(Li(t1),z2) + (1 — a)p o f(Ri(t), ZEQ)]Un(tl)dtl)92(m2)d¢(x2)
o Ri(s1) Ra(s2)
- (p(b1) — o(a o(az)) /ﬁ /E2(82) f(w1,22)91(21) g2 (w2)dd (1) dp(2)
and hence
_1 gtij;) gigj) Yo f(xy,22)g1(x1)ge(xe)dd(x1)dd (o)
I(s1,82) = () — ‘
L1(s1) gl(x1>d¢(xl) La(s2) 92($2)d¢(x2)

Similarly, by (2.12), £(1,1) = (a1, a2) and R(1,1) = (by, ba),

= (3).
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where

L1(s1) L2(s2)
1(s1, 82) / f (1, 22)hy (1) ho(22)dd (21 )dd(2)

o)
/ : 351,xz)hl($1)h2($2)d¢(x1)d¢($2)

Ri(s1)

o
/ £2(82) o f(x1,x9)hy(21)he(xe)dp(xq)dp (o)
“,

o) 5131,iUQ)hl(371)h2($2)d¢(331)d¢($2)
Ri(s1) JRa(s2)

and

Tals1,52) = ( / O (el + / b h1<x1>d¢<x1>)

al Ri(s1)

« ( / :2(82) o (02)d(02) + /Rb . hz(arg)(w(xg)).

Together with the aid of Theorem [2.1] we establish the following corollary.

Corollary 2.6. Suppose that g;, h; : [a;, b;] — [0,00) are integrable for i = 1,2, with
o gioLi(t;)dt; > 0 and fslz hioR;(t;)dt; > 0 for all s; € (0,1), and satisfy (2.11)) and (2.12)).
Then, for s = (s1,s2) € (0,1)2,
081 tlgl o El (tl)dtl 052 t2g2 O £2 (tQ)dtQ)
fosl g1 © ,Cl (tl)dtl ’ 82 gs © Eg(tg)dtg

= fﬁt;; fﬁisji Ila372)91($1)92($2)d¢($1)d¢(ﬂ?2)
S8 g d¢<x1> o) go(2)d ()

L1(s1)

F(Mo(a,b;a)) < J-"(

IN

<g (f:l tigr o Ly(ty)dty [ tags ﬁz(tz)dtz)

O\ S o Li(t)dty T[S go o La(ta)dts

< F(s) < H(s) <G(s) (2.13)
<F

fl tl 1 O/:'l tl dtl fl tQ 92 O £2<t2)dt2
f hl o} ,Cl(tl dtl f hg ¢] ﬁg(tz)dtg

w_l (\71(81782)>
J2(81, 52)
g fl tlhl ©] ,Cl tl dtl fl tth (©] ,Cg(tg)dtg < g(l 1)
f hl e} El (tl dtl f hg o) ﬁg(tg)dtg - e

IN

Remark 2.7. Tt turns out that a great deal of existing inequalities of Hermite-Hadamard and
Fejér type for different kinds of convexity can be attained from Corollary
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. Let us consider ¢(x) = z and ¢(z) = x. If a = 1/2 then ([2.13)) offers a refinement of
the inequalities due to Farid, Marwan and Atiq Ur Rehman [15].

. Next, if we choose ¢(z) = z and ¢¥(z) =z. fa=1/2, g1 = go = hy = hy = 1 and
s1 = s9 = 1/2, (2.13)) implies

f a1+b1 (12—|—b2
2 72

§ 1 f 5@1 + 3()17 5&2 + 3[)2 1 f 5CL1 + 3()1, 3a2 + 5b2
4 8 8 8 8
+f(3a1%8—5b1’5a2—8|—3b2> +f(3a1—8k5b1’3a2—81—562>}

4 (a1+3b1)/4 (a2+3b2)/4
/ / f(.Z'l,ZEg)dl‘ldl’Q
( (

<
T (b1 —a1)(b2 — a2) Jsay400)/a J(3az+b2)/4
<= {fml, a2) o+ flar,bo) + flbr, ) + flbusba) o F(an, 252) + F by, 452)

4 2

=16
f(alg;bla%)ﬂLf(al;bl,bz) a;+by az + by
2 +/ 2 2

1 3a1—|—b1 3a2—|—b2 3a1—|—b1 a2+3b2
<
() ()

+f(a1 —Z?)bl’ 3@22— bg) +f(a1 —Z?)bl’ CLQZ?}bQ)}

+3

1 b1 bo
x1, xa)dxidx
—a1)<b2—a2) /c;l o f( 1 2) 1042

1
b1
|:b1ia1 / (f($1’a2)+f($1’62)+2f<$1’a2_2|—b2)>dm1

al

b
— /(f(al,%)+f(b1,:762)+2f(a1+bl,x2))dx2}

bg—ag as 2
< 1|:f(a1>a2) + flar, by) + f(br, a2) + f(bi,ba) flar, #25%2) + f(by, #5%2)
! 4 2
F(OE ag) + F(“5, by) +f(a1+b1 aﬁlnﬂ

+

2 2 2
< flai,az) + flay, b)) + f(b1,a2) + f(b1, by)
- 4

(2.14)

which offers a refinement of (2.13) and ones due to Bakula [3], Ozdemir [37].
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3. Moreover, if f(x1,z9) = f(x1)g(z2) then implies
f(a—;-b)g(a;—b)
< i[f(wgsb)g(mg?,b) +f(5a—8|—3b>g<3a—8l—5b)
N f<3&;—5b)g(5a—8|—3b) +f(3a-g5b)g(3a—£5b>]
< /<(>/)/ Jelgte)dr
1 [f(a)g(a) + f(a)g(b) + f(b)g(a) + f(b)g(b) n 3f(a)g(“7+b) + f(b)g(*3>)

4 2

f(42)g(a) —ZF F(552)9) f<a ‘2|— b>g<a ;L b>]

3a+b 3a+b 3a+b a+ 3b

) () ()5
a+ 3b 3a+0b a+ 3b a+ 3b
(7)o ) o (5 )a ()]

| (5@ 00+ 20(50)) [ st

o +21(“0)) [ sor]

{f(a)g(a) + fla)g(®) + f(B)g(a) + F(B)g(b) fla)g(3*) + f(b)g(“3*)
4

U (010) 010
)

< f(@)g(a) + f(a)g(b) + f(b)g(a) + f(b)g(b)
< 1 .

+3

(2.15)

Let us consider kernels, say K; : ¢;(I) x ¢;(I) — [0,00), for i = 1,2 and define

Ko o) = [ : / K (1(0) s 61 (30)) Kl Balrn), D)) F (91, 92) b (1) (1)
S (2.16)
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for x1 > ay, x5 > ao,

K20 [f)(0, 1) = /

1

for z; > ay, To < bg,

x1  pbe

Ki(¢1 (551), ®1 (yl))K2(¢2($2), ¢2(y2))f(y1> y2)d¢(y1)d¢(y2)

2

(2.17)

b1 T2
K2 [f)(r, ) = / / K1(d1(21), &1 (1)) Ko (o (), do(y2)) f (w1, y2)ded(y1 ) dep(y)

for x1 < by, x9 > as,

by
g% [f](a1, 20) = /

1

for x1 < by, x5 < by, as long as the integrals exist and are finite.

ba

(2.18)

Ki(é1(21), 91(y1)) Ka(d2(22), ¢2(y2)) f (Y1, y2)dd(y1)dp(ya)

2

(2.19)

Remark 2.8. We emphasize that our definition agrees with many known fractional integrals
existing in the literature as special cases.

1. Let us first consider

Ki(u,v) =

L
['(v;)

lu — U|Vi_1’ u,v € ¢i(I),i=1,2,

where v; > 0. Then integral operators (2.16)—(2.19) become the fractional integrals of

a function with respect to another function known:

IO () (@1, 2)

—1 - :EQ v1—1 vo—1
- F(V]_)F(VQ) /OL1 /(12 |¢1($1) - ¢1(y1)| |¢2<x2) - ¢2(y2)| f(y1,y2)dgb(y1)d¢(y2)

for x1 > ay, x5 > ao,

I3, L] o)

—1 - b2 v1—1 vo—1
T () () / 1 / 181a) = Galy)l” T 0a(w2) = Ga2) I S 1, 42) A0 ) A6 1)

for z1 > ay, x5 < be,

Igllji,);g—&- [f] (xlv 'TQ)

1 b1 px2 - -
T T (1) /m1 /a2 |91(21) = D1 (yn) [ |da(w2) — d2(y2) [ f (Y1, y2)de(y1 ) dd(y2)

for T < bl,Q?g > a9,

"Z:l?llif)gg— [f] (x17 'r2)

1 b1 b - -
T ()0 () L / [@1(21) = d1(yo) [ da(w2) — Ba(y2) [ (1, 92)db (1) db ()

16



for 1 < bl,ZEQ < bg,
These operators include the Riemann-Liouville fractional integral [41], which the choice

$z) = 2.
In Corollary 2.6] for s; € (0,1),7 = 1,2, let us choose
gi(x) = [K;(ds 0 Ri(84), di(3)) + Ki( i 0 Li(54), i) wiws),  x; € [Li(si), Ri(s4)],1=1,2
and
Ki(¢i o Ri(si), dilwi))vi(w;) if z; € [Ri(si), bil,

where w;, v; : [a;,b;] — [0,00), for i = 1,2, are given in such a way that the assumptions

(2.11) and (2.12)) are guaranteed, i.e.,

hz($z> _ {Kz(¢z o Ei(si)u sz(l}))vz(l‘l) if ;€ [ai7£z‘(3i)],

Lo [Ki(¢i o Ri(si), ¢i o Li(ti)) + Kidi o Li(si), ¢i 0 Li(ti))|ui o Li(t:) (2.20)
=1 ié o [Ki(¢i 0 Ri(s:), pi 0 Ri(ts)) + K (i 0 Li(s:), 0 0 Ri(t)) i o Ry(t), '
for t; € 0, s;],4 = 1,2 and
1 _ aKz<¢z @) £i(8i>a ¢z o Ez(tz))vz o Lz(tl) = 1 iV aK’<¢Z @) Ri(si), gzﬁz @) Rz(tz))vz @) Rz<tz),
(2.21)

for t; € [Si, ]_],Z = ]_,2
In order to simplify these assumptions, it is necessary to put some restrictions on « and
K;,i=1,2. Let us take @ = 1/2 and investigate a class of kernels, K, of the form

Ki(u,v) = ki(lu—v|), w,vep(l),i=1,2, (2.22)

where k; : [0,00) — [0,00) for i = 1,2 are given so that the integral operators (2.16])-(2.19)
are well-defined.
We check at once that

|9 0 Li(si) — ¢ 0 Li(ti)] = |di 0 Ri(si) — ¢ o Ri(ts)| = 5 si — tillo(bi) — dlas)],0 = 1,2
[di 0 Li(si) = dioRi(ti)] = |91 0 Ralsi) — ¢ 0 Li(ts)| = 5(si +1:)|o(bi) — Plai)], i = 1,2.
Consequently, and reduce to
wio Li(t) = i o Ri(t;), ti€10,s:]i=1,2

and
Uzoﬁz(tz) :’UZ‘ORi(tZ‘), tl € [Si,l],i: 1,2
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respectively. This enables one to take

vi(z;) otherwise,
for i = 1,2. Put this way, we have

K2 i lomal (Ri(s:) + K () [oimal (Li(s:)

e = K2 oy lma (Ri(s0) + K oy [mil (Cils:)
(o) i lpmil(Li(s1)) + K [pim] (Ri(:)
SRS m(Li(si) + K Imi) (Ri(s)
where
() = di(a;) + ¢i(bs) — 2¢i(;) . i
Al o) — e |0 TELITLE
Set
K'(s) = C'(s) (’C?l(ﬁfw e [(00 Fymuma](Ra(s), Ra(52))
KL rateny (@0 Fmima](Ra(s1), La(s2))
KR e (W0 F)mima](L(s1), Ra(s2))
LR (o Fmima) (La(s), @(sm)
where
Cl(s) = !
’Cil(sl)+[m1](731(81)) + K%I(Sl)_[mﬂ(ﬁl(sl))
1
/Cfﬂ; (s [M2)(Ra(s2)) + Ko, 1 [ma] (La(52))
and

K2(s) = C'(s) (icz’f;f32+[<w o Pmums)(La(s1), La(s2))

+ K2 [0 fmima](Li(s1), Ra(s2))
+ K22 (W o fymima](Ra(s1), La(s2))

LK (o fmumal(Ra(sy) RM)))

18
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where
1

Kg 1 [ma](L1(s1)) + Ky, _[ma](Ra(s1))
1

X
K, [ma](La(s2)) + K, _[ma] (Ra(s2))
In summary, we get the following corollary.

Corollary 2.9. Let ¢ be given by (2.23) and o = 1/2. Suppose that K; : ¢;(I) x ¢;(I) —
[0,00) is of the form (2.22) and m; : [a;, b;] — [0, 00) is integrable such that

C?(s) =

K2 (o [mi(Rilsi) + KF oy [mi] (Lilsi) K mil(L4(s1)) + Ki [ma] (Ri(s:))

ou(by) — x(ay) -0 and 8:(bs) — fi(a) =0
for all s; € (0,1). If
m; o Li(t;) = m; o Ri(t;), t; €[0,1], (2.24)
then
J(Mg, (ar,b2), Mg, (az,b2))
< ~7:(51(31) Ba(s2))
HKN(9)
< g (B1(s1), Ba(s2)) < F(s) (2.25)
< G(s) < F (ns1),72(s2))
< v (K¥(9))

< My(f(a), f(D)).

In particular, one has

f(M¢1 (ah b2)7 M¢2 (a27 b2))

< F (’Cf11+[ prma(b) + Kp'_[prma)(a1) KE2, [pama] (ba) +’Cf;_[<ﬁ2m2](a2)>
a Ko [ma)(by) + Kg'_fma](ar) K92, [ma)(be) + Kp2[ma)(az)

|
) ( Koh2, (o fymamo](by, ba) + K252 (40 fymams)(by, az)
L ) (b0) + K[ (an) | K22, [ma) (ba) + K52 [ma) (as)|

K2 (o fymama)(ar, by) + Kph% [(¢ 0 fymyms](as, @2>>
KoLl (ba) + K52 ]M [/c:f;[ 2)(be) + K72 [ma](a2)]

<G (’Cff+[€01m1](bl)+’Cff_[¢1m1](a1) Koz [pama)(by) + Kp2_[pams](as ))

SO\ K0 + KR Iml(a) K2 mal(ba) + K[ (a2)

< My(f(a), f(b)

<1

(2.26)
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and

f(Mla M2)
- F<Kf1+[301m1](M1) + K [prma)(My) K22, [pama] (M) + K2 [@27“2](/\/12))
B Ko [ma)(My) + Ko [m)(My) T K2 [ma) (M) + K2 [ma] (Mo)

<1

. (icf;ﬁz2+[<w o f)mima)(My, M) + K205, (v 0 f)mums|(My, M)
L I (M) + K ) (M) | K22, [ma) (M) + K2 ma] (M)
K2 (4 o fymama](My, Ma) + K52%, (4 0 fimima] (M, My)

) +
[ ) (M) + K] (M0) | [/c22+[m21<M2> K [ma)(Ms)|
- g(lel+[g01m1](M1) + KD [prma) (M) K22 [pama](Ma) + [902m2](M2))
- Ko my](My) + Kp_[ma)(My) 7 K22 [ma](Ma) + ’Cff [ma](Mz)
< My (f(a), f(b)).

(
(
(2.27)

where My = My, (a1,b1) and My = My, (as, bs).

Remark 2.10. Through a proper choice of the functions ¢, 1) and K such as are indicated
in Remark , (2.26)) can be regarded as a generalization and refinement of several results
obtained recently by Chen [6], Sarikaya [41].

3. An application to inequalities involving the beta function

We devote this section to establish some inequalities involving the beta function, defined
by the integral representation

1
Bz,y) = / t" N1 —t)vtdt, x>0,y >0.
0

It is well-known that the beta function is log-convex on (0, 00)? as a function of two variables
(see [I1]). So it is co-ordinates log-convex on (0, c0)?.

Fix a > 0. Applying Theorem[2.1for f(z,y) = B(z,y), ¢(z) =z, ¥(z) =Inz, a1 = ap =
a,by = by = a+ 1 and o = 1/2 we obtain the following result.

Corollary 3.1. 1. The functions
» 11—t 1—t, 11—t 1+t
fg(tl,tz)—\/ﬁ(a+ 5 ,a + 5 )ﬁ(a+ 5 ,a+ 5 )

g

1+t 1 —ts 1+t 1+ts
4
x\/ﬁ(a+ 5 ,a 5 ) (a+ 5 ,a 5 )

20
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and

tito

a?

8a(2a + 1)

(1—t1)(1—t2)
x |8 |a+ L + L
a+=,a+ =
2’ 2

are co-ordinates log-convex and co-ordinates increasing on [0, 1], with

1 a t1(1—t2)+(1—t1)t2
HGEDNE

Gs(t1,t2) = [5(‘% a)y 2 a+ 3
2

a?

1 1 1 (
ﬁ(a+§,a+‘) Sﬁ<a+—aa> ﬁ < Falhit) < Gslho ta) < Blo. o)y [ oom =y

2 2

for all ty,t; € [0, 1].
2. The function

1 a+(1+s1)/2  pat+(1+s2)/2
Ps(s1,82) = exp —/ / In B(x, y)dxdy

5152 Ja+(1-s1)/2 +(1—s2)/2

is co-ordinates increasing on (0,1]%, with

2 (2a)2 1
lim lim Ps(sy,s2) =0 (a—l— 1,&—1— 1) , Ps(1,1)=2nx (E) \/( (2a) et

5120+ 520+ 2 2 e 2a + 1)2a+1)?

and
F3(s81/2,82/2) < Ps(s1,52) < Gs(s1/2,52/2) < Fs(s1,82), s1,52 € (0,1].

3. The function

1 a+(1—s1)/2 pa—(l—s2)/2
Qs(s1, $2) =exp 0 =s0 =) / / In 5(z, y)dzdy
1 a+(1-s1)/2 pa+l
X exp / / In B(z,y)dzdy
(1 —s1)(1—s2) Jg a+(1—s2)/2

1 a+1 a—(1—s2)/2
X exp / / In B(z,y)dzdy
(1= s1)(1 = 82) Jar(14s1)/2 Ja

1 a+1 a+1
X exp ( / / In 5(z, y)dxdy)
(1 —s1)(1—s2) a+(1+s1)/2 Ja+(1—s2)/2

is co-ordinates increasing on [0,1)%, with

2

a\ 2e (2a)(20) 1 . : a
0,0) = 2 (—) i lim 1 s9) = Bla,a){f — 2
Q3(0,0) = 2m { - \/(2a+ pEeee  lim lim Qs(s1,82) = B(a,a) Saa 1 1)
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and

1+81 1+82

1 1
Rl +52)sgg(sl,32)sg3( o= ) 51,85 € [0,1).

2 72

Gs(s1,82) < F3 (

4. In particular,

1) < F(1/2,1/2)

2
a 2a (2a)(2a)2 1 a2
< = ot < < -
s 2m (e) \/(2@ + 1)(2‘”1)26 < Gs(1/2,1/2) < Bla,a) 8a(2a + 1)

1
B(a+§7a+

Next, we consider the Mittag-Leffler function, defined by the integral representation

n

C > 0.
ern+y’ ZE 7x7y

n=0

The function E(z,y) = I'(z)I'(y)E.(z,y) (see Mehrez and Sitnik [I8]) is co-ordinates log-
convex on (0,400) x (0, +00).
Fix a > 0. Applying Theorem for f(z,y) = E(x,y), ¢(z) = z, ¥(z) = Inz, ay =

as = a,by = by =a+ 1 and o = 1/2 we obtain the following result.

Corollary 3.2. 1. The functions

1—t¢ 1—t 1—t 1+t
Jfg(tl,tz):(/lﬁj(wr 21,a—|— 22)E(a+ 21,a+ 22)

1+ 1—1, 14+ 141,
([E E
x\/ (a+ 5 ,a+ 5 > (a+ 5 ,a+ 5 )

tito

and

Gs(ty, o) = [aFQ ) E.(a,a)E.(a,a+ 1)E,(a+ 1, a)Ez(a+1,a+1)}

— t1(147t2)
1
X \/_F a—l— \/ a+—a Ez(a+§,a+1)

- (1—t1)t2

X \/_F a—l—
r 1 1 1 t1)(1 tz)
I E,

><_ (a—|—2> (a—l—za—i—z)]

22
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are co-ordinates log-conver and co-ordinates increasing on [0, 1], with
1 1 1
I a Ez 9 5
<a+2) (a+2a+2)
1 1 1
< +/all (a—i— §> F(a)\/EZ (a,a+ 5) E, (a+ 1,a+ 5)

< Fs(ty, ta) < Gs(t, )
< al'*(a)v/E.(a,a)E.(a,a + 1)E.(a + 1,a)E,(a + 1,a + 1)

for all ty,t5 € 10, 1].
2. The function

1 a+(1+s1)/2  pat+(14s2)/2
Ps(s1,82) = exp —/ / InE(z,y)dzdy

5152 Jat+(1-s1)/2 Ja+(1-s2)/2

is co-ordinates increasing on (0,1]%, with

1 1 1
lim lim Ps3(s1,82) =T (a+ 5) E, <a+ —,a+ 5) ,

514)0"" 824)0 2

7>(11)_2\/_ exp(/ / lnExydxdy)

and

f3(81/2782/2) S P3(81,82) S g3(51/2,82/2) S .Fg(Sl,SQ), S1, 82 c (O, 1]

3. The function

1 a+(1—s1)/2  pat+(l—s2)/2
Qs(s1, $2) =exp 15— s / / InE(z,y)dzdy

1 1 81
X exp / InE(z, y)dzdy
((1 —s1)(1 — s9) at+(1—s2)/2

1 a+(1—s2)/2 )
X exp / / InE(z, y)dzdy
(1 —s1)(1—s2) +(1451)/2

1 a+1
X exp / lnE (x y)dxdy)
((1 —51)(1 — s2) +(1451)/2 Ja+(1—s2)/

is co-ordinates increasing on [0,1)%, with

Q5(0,0) _2\/_ " exp (/aﬂ/ InE.(z,y dxdy)




lim lim Qs(sy,ss) = al'*(a)V/E.(a,a)E,(a,a + 1)E.(a + 1,a)E.(a + 1,a + 1)

s1—17 s9—1—

and

1+81 1+82

1 1
Rl +52)s93(sl,32)sg3( o ) 51,85 € [0,1).

2 72

Gs(s1,82) < F3 (

4. In particular,

r (a—i— %) E. <a—i— L %) < F5(1/2,1/2)

2
< 242w exp (/ / InE,(z,y da:dy)

§93(1/2 1/2)
< al*(a)V/ E.(a,a)E.(a,a+ 1)E.(a + 1,a)E.(a + 1,a + 1).

Similar considerations may apply to other special functions provided that these functions
are co-ordinates log-convex.

(i) The Struve function, defined by the integral representation

2 [ 1
M(.ﬁlﬁ,y)zﬁ/o‘ (1— I_7 _ytdt x>—§,y>0

is co-ordinates log-convex on (—1,400) x (0, +00) (see [20]).

(ii) The Gauss function

o0

G(z,y) = Fi(x,y;¢;2) = Z "", c>x>0c>y>02<1.

n=0 n

is co-ordinates log-convex on (0, +00) x (0, +00) (see [27]).

Remark 3.3. One may develop further inequalities related to the Struve function and Gauss
function by applying Theorem for f(z,y) = M(x,y) and f(z,y) = G(z,y), ¢(x) = =z,
Y(x) =1Inzx.
Acknowledgement
The first author would like to thank the Vietnam Institute for Advanced Study in
Mathematics for support during the visit at VIASM.

References

[1] J. Aczél, The notion of mean values, Norske Vid. Selsk. Forhdl. 19 (1947) 83-86.
[2] G. Aumann, Konvexe Funktionen und die Induktion bei Ungleichungen zwischen Mittelwerten,
Sitzungsber., Bayer. Akad. Wiss., Math.-Naturwiss. K1. 1933 (1933) 403-415.

24



3]

[23]
[24]
[25]
[26]
[27]
28]

[29]

M.K. Bakula, An improvement of the Hermite-Hadamard inequality for functions convex on the coor-
dinates, Aust. J. Math. Anal. Appl. 11(1) (2014), Art. 3.

J.L. Brenner, H. Alzer, Integral inequalities for concave functions with applications to special functions,
Proc. Roy. Soc. Edinburgh Sect. A 118 (1991) 173-192.

P.S. Bullen, Handbook of Means and Their Inequalities, Kluwer Academic Publishers Group, Dordrecht,
2003.

F. Chen, On Hermite-Hadamard type inequalities for s-convex functions on the coordinates via
Riemann-Liouville fractional integrals, J. Appl. Math. Volume 2014, Article ID 248710, 8 pages

F. Chen, S. Wu, Fejér and Hermite-Hadamard type inequalities for harmonically convex functions, J.
Appl. Math. 2014 (2014) 386806.

D.T. Duc, N.N. Hue, N.D.V. Nhan, V.T. Tuan, Convexity according to a pair of quasi-arithmetic means
and inequalities, J. Math. Anal. Appl. 488 (2020) 124059.

S.S. Dragomir, Two mappings in connection to Hadamard’s inequalities, J. Math. Anal. Appl. 167
(1992) 49-56.

S.S. Dragomir, On the Hadamard’s inequality for convex functions on the co-ordinates in a rectangle
from the plane, Taiwanese J. Math., 5 (2001) 775-788.

S.S. Dragomir, R.P. Agarwal, N.S. Barnett, Inequalities for beta and gamma functions via some classical
and new integral inequalities. J. Inequal. Appl. 5 (2000) 103-165.

S.S. Dragomir, B. Mond, Integral inequalities of Hadamard’s type for log-convex functions, Demonstr.
Math. 31 (1998) 354-364.

S.S. Dragomir, D.S. Milosevié¢, J. Sandor, On some refinements of Hadamard’s inequalities and appli-
cations, Univ. Belgrad Publ. Elek. Fak. Sci. Math. 4 (1993) 3-10.

S.S. Dragomir, C.E.M. Pearce, Selected Topics on Hermite-Hadamard Inequalities and Applications,
RGMIA Monographs, Victoria University, 2002.

G. Farid, M. Marwan, Atiq Ur Rehman, Fejér-Hadamard Inequlality for Convex Functions on the
Coordinates in a Rectangle from the Plane, International Journal of Analysis and Applications, Volume
10, Number 1 (2016), 40-47

L. Fejér, Uber die Fourierreihen, IT, Math. Naturwiss. Anz. Ungar. Akad. Wiss. 24 (1906) 369-390.
P.M. Gill, C.E.M. Pearce, J. Pecari¢, Hadamard’s inequality for r-convex functions, J. Math. Anal.
Appl. 215 (1997) 461-470.

K. Mehrez and S.M. Sitnik, Functional Inequalities for the Mittag-Leffler Functions, Results in Math-
ematics. 72 (2017) 703-714.

J. Hadamard, Etude sur les propriétés des fonctions entiéres et en particulier d’une fonction considérée
par Riemann, J. Math. Pures Appl. 58 (1893) 171-215.

P.C. Hammer, The midpoint method of numerical integration, Math. Mag. 31 (1958) 193-195.

Ch. Hermite, Sur deux limites d’une intégrale dé finie, Mathesis 3 (1883), 82.

D.-Y. Hwang, K.-L. Tseng, G.-S. Yang, Some Hadamard’s inequalities for co-ordinated convex functions
in the rectangle from the plane, Taiwanese J. Math. 11 (2007) 63-73.

K.Ch. Hsu Refinements of Hermite-Hadamard inequalities for differenttiable co-ordinated convex func-
tions and applications, Taiwanese J. Math. 19 (2015) 133— 157.

I. Iscan, Hermite-Hadamard type inequalities for harmonically convex functions, Hacet. J. Math. Stat.
43 (2014) 935-942.

I. Iscan, Hermite-Hadamard type inequalities for p-convex functions, Int. J. Anal. Appl. 11 (2016)
137-145.

A. Baricz and T.K. Pogédny, Functional inequalities for modified Struve functions II, Proceedings of the
Royal Society of Edinburgh Section A Mathematics 144(5) (2014) 891-904

D. Karp and S.M. Sitnik, Log-convexity and log-concavity of hypergeometric-like functions, J. Math.
Anal. Appl. 364 (2010) 384-394

D. Kotrys, Hermite-Hadamard inequality for convex stochatic processes, Aeqquat. Math. 83 (2012)
143-151.

M. Kunt, I. Iscan, Hermite-Hadamard-Fejér type inequalities for p-convex functions, Arab J. Math.

25



Sci. 23 (2017) 215-230.

A. Lupas, A generalisation of Hadamard’s inequalities for convex functions, Univ. Beograd. Publ.
Elektrotehn. Fak. Ser. Mat. Fiz. 544-576 (1976) 115-121.

M. Merkle, Logarithmic convexity and inequalities for the gamma function, J. Math. Anal. Appl. 203
(1996) 369-380.

K. Nikodem, On convex stochatic processes, Aequat. Math. 20 (1980) 184-197.

C.P. Niculescu, L.-E. Persson, Convex Functions and Their Applications: A Contemporary Approach,
second ed., Springer International Publishing AG, part of Springer Nature, Switzerland, 2018.

M.A. Noor, K.I. Noor, M.U. Awan, Some characterizations of harmonically log-convex functions, Proc.
Jangjeon Math. Soc. 17 (2014) 51-61.

M.A. Noor, K.I. Noor, M.U. Awan, Some new estimates of Hermite-Hadamard inequalities via har-
monically r-convex functions, Matematiche 71 (2016) 117-127.

Eze R. Nwaeze, Generalized Hermite-Hadamard inequality for functions convex on the coordinates,
Applied Mathematics E- Notes, 17 (2017) 117-127.

M.E. Ozdemir, C. Yildiz, A.O. Akdemir, On some new the Hadamard-type inequalities for co-ordinated
quasi-convex functions, Hacet. J. Math. Stat. 41(5), 697-707 (2012)

J.E. Pecarié, F. Proschan, Y.C. Tong, Convex Functions, Partial Orderings and Statistical Applications,
Mathematics in Science and Engineering 187, Academic Press, Boston, 1992.

J. Park, Generalized inequalities for convex mappings on the co-ordinates, Inter. J.of Pure and Applied
Math. (IJPAM) 82 (2013) 829-842.

J.L. Raabe, Angeniherte Bestimmung der Factorenfolge 1-2-3-4-5..n =T'(n+1) = [2"e “dz, wenn
n eine sehr grosse Zahl ist, J. Reine Angew. Math. 25 (1840) 146-159.

M.Z. Sarikaya, On the Hermite-Hadamard-type inequalities for co-ordinated convex function via frac-
tional integrals, Integral Transforms and Special Functions, 2014 25(2) 134-147,

E. Set, Hermite-Hadamard type inequalities for coodinates convex stochatics processes, Mathematica
Aeternal. 5 (2015) 363-382.

T. Trif, Characterizations of convex functions of a vector variable via Hermite-Hadamard’s inequality,
J. Math. Inequal. 2 (2008) 37-44.

T. Trif, Convexity of the gamma function with respect to Holder means, in: Y.J. Cho, J.K. Kim, S.S.
Dragomir (Eds.), Inequality Theory and Applications 3, Nova Science Publishers, New York, 2003, pp.
189-195.

K.-L. Tseng, S.-R. Hwang, S.S. Dragomir, Fejér-type inequalities (I), J. Inequal. Appl. 2010 (2010)
531976.

K.-L. Tseng, S.-R. Hwang, S.S. Dragomir, Fejér-type inequalities (II), Math. Slovaca 67 (2017) 109-120.
P.M. Vasi¢, [.B. Lackovié¢, On an inequality for convex functions, Univ. Beograd. Publ. Elektrotehn.
Fak. Ser. Mat. Fiz. 461-497 (1974) 63-66.

P.M. Vasi¢, .B. Lackovi¢, Some complements to the paper “On an inequality for convex functions”,
Univ. Beograd. Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 544-576 (1976) 59-62.

G.-S. Yang, M.X. Hong, A note on Hadamard’s inequality, Tamkang J. Math. 28 (1997) 33-37.

G.-S. Yang, K.-L. Tseng, On certain integral inequalities related to Hermite-Hadamard inequalities, J.
Math. Anal. Appl. 239 (1999) 180-187.

26



	Introduction
	Fejér type inequalities for co-ordinates (M,M)-convex functions
	An application to inequalities involving the beta function

