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ROBUST STABILITY FOR IMPLICIT DIFFERENTIAL
EQUATIONS WITH CAUSAL OPERATORS

NGUYEN THU HA® AND TRAN MANH CUONG#

ABSTRACT. In this paper, we consider the robust stability of implicit differ-
ential equations where the leading term is singular and the driving term is a
causal linear operator. We study the solvability of linear and nonlinear equa-
tions and then the robust stability under small perturbations is established.
An L, version of Bohl-Perron Theorems for these systems is also studied.

1. INTRODUCTION

The differential equations driving by the causal operators, named “aftereffect op-
erators” (see [7]), are very important both in practice and theory because they are
generalized from ordinary equations, partial differential equations, integral equa-
tions, delay or functional differential equations, which often are used to describe
mathematical models in economy, industry, eco-systems... Therefore, the study of
the quality and quantity, concerning with problems of stability or robust stability,
of differential equations with causal operators has attracted many mathematical
works. There are some ways to carry out these problems. Omne can use either
the so-called stability radii, introduced by [19], to measure how is large possible
for perturbation which still preserves the stability of an ordinary linear system
(2, 4, 12, 22, 21, 23, 31] or the Lyapunov exponents, Bohl exponents to estimate the
growth rate of solutions [2, 6, 11]. However, in general, the calculation of stability
radii or Lyapunov exponents is a rather difficulty problem. Instead, one try to
construct a Lyapunov function, via which, we know whenever a system is stable
or unstable (see [7, 10]). In case the above mentioned methods are not applica-
ble, researchers try to find a bound, under which the exponential stability or the
boundedness of perturbed systems is preserved [2, 27, 26, 33].

An other aspect to consider the stability of a system is the Bohl-Perron type
theorem which says that, for a differential /difference operator L if the solution of the
equation Lz(t) = f(t),t > 0 is “good” for every function f(-) to be “rather good”,
then the solution of the corresponding homogeneous equation Lz(t) = 0,¢ > 0 is
bounded or exponentially stable. The study of Bohl-Perron theorem is concerned
with delay differential /difference equations can be founded in [3, 29, 30]; for infinite
delay difference systems z(n + 1) = (Lz)(n) + f(n) in [1, 3, 8, 20, 16].

An L,-version for Bohl-Perron Theorem can be referred to [3, 15, 16]. However,
almost works deal with just the case of bounded delay equations of integrability of
kernels.

On the other hand, to describe the mathematical modeling in engineering and
science such as in multibody and flexible body mechanics, electrical circuit design,
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incompressible fluids (see [14, 24, 32|, a formulation of differential systems where
the leading term of derivatives may be degenerate is presented. The simplest case
is linear differential algebraic equations (DAEs) A(¢)z'(t) = B(¢)x(t) + f(¢),t = 0
where A(t) is singular for every ¢. There are many works dealing with the ro-
bust stability of these systems [4, 5, 24, 25]. Due to the fact that the dynamics
of DAEs are constrained and combinate between differential and difference compo-
nents, some extra difficulties appear in the analysis of stability as well numerical
treatments of the implicit dynamic equations characterized by index concepts, see
[5, 18, 24, 25].

In continuing to study these problems, it is natural to consider the robust sta-
bility and Bohl-Perron theorem for differential algebraic equations with the right
hand to be a causal operator (say implicit differential equation)

A(t)a' (t) = B(t)x(t) + Sa()(8) + f(1), t>0, (1.1)
where A, B and X, f are specific late. The leading matrix A(t) is supposed to be
singular for all ¢ > 0. It is known that the solvability of this equation depends
strongly on the so-called index concepts. For some reasons, we concentrate in
the index-1 equations and we focus on the study of L,-stability version and the
preservation of exponential stability of (1.1) under small perturbation. Also, we
consider an L, Bohl-Perron type theorem for this system.

The paper is organized as follows. In the next section, we introduce some pre-
liminary notations, inequalities and the concept of causal operators. Section 3 deals
with the solvability and the dependence on the initial condition of the solutions.
In Section 4 we prove that if the linear homogeneous implicit equation is exponen-
tially stable, then the perturbed system is either L,-stable or exponentially stable
depending on the assumption of perturbations. Section 5 presents the famous Bohl-
Perron theorem for implicit differential systems in L,-form.

2. PRELIMINARY

Forany s <tandp>1,let L, ([s, t]; ]R”) be the Banach space of all p—integrable
functions f : [s,t] = R™ with the norm

1|z, (1s.t1mm) = (/ IIf(T)II”dT> "

Denote by Lj*¢ ([0,00); R™) the space of all f : [0,00) — R™ such that f|[s g €
Ly([s,t];R") for all t > s > 0.
The truncated operators m at k € [0,00) and [-]r on L;°° ([0,00); R™) are

defined by
), ifte(o,k]
T (u)(t) = {0, if t € (k,00),

for u € LLOC ([0, 00); R™).

Every element f € Ly([s, ]; R™) can be considered as an element, f € LI°° ([0, c0); R™)
by putting f = 7[f]s. Conversely, if f € L;;)C ([0,00); R™), we can restrict the def-
inition domain of f to obtain an element f € L, ([s, t); ]R”). We will identify in the

following f and f if there is no confusion.
Let

0 iftelok)
u(t) if ¢ € [k, 00),

and  [u(t)]x = {

& = f(L;OC ([O,oo);R"),Li,oc ([0, 00); R™)),
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be the space of the linear operators X from L ([0, 00); R™) to LI>¢ ([0, R™)
such that m,Xm, maps continuously from L, ([0,¢];R™) to L,([0, ] R™). Slmllarly
as above, every continuous operator ¥ € Z(L,([s,t];R"), Ly([s,t]; R™)) can be

considered as
Y e .,Z”(LLOC ([0, 00); R™), LlpOC ([0, oo);R")),

by setting X(+) = m X[
An operator ¥ € .Z is called to be causal if

mXm = my, for every t > 0. (2.1)
To simplify notations, in the following, we write Ly[s, t]; C[s, t] for L,([s, t];R"),
C(]s, t]; R™) respectively.

Lemma 2.1 (Gronwall-Bellman lemma, see [29]). Let f(t) be a non negative contin-
uous function defined on [s,00) and k > 0. Assume that f(t) satisfies the inequality

fit) < fo—i—k/tf(s)ds, forall t > s

Then, the relation f(t) < foe**=*) holds for allt > s
Lemma 2.2 (Hardy’s inequality [29]). Let 1 < p < oo, there is a finite C' for which

[/Ooo ’U(x) /Ozf(t)dt\pdx}‘l" < c[/ooo |V(x)f(x)|pdx]% (2.2)

is true for real function f if and only if
o0 1 T 1
B =sup {/ |U(m)|pdx} ! [/ |V(x)|*qu} ! < oo,
>0 T 0
where % + % =1 and U(z),V(z) are weight functions. Furthermore, if C' is the
least constant for which (2.2) holds, then B < C < p%q%B, for 1 < p < oo and
B=Cifp=1 or .
Remark 2.3. If we use U(z) = V(x) = e~ ** then
t 1 T _ 1 1 1 1
B = sup {/(e“)pds}p[/(e”"s) qu}q: — and ——— <O < —.
ogr<t Yy s aprqa aprqa (e}
Lemma 2.4. Let U : X - Y, V:Y — X be the bounded linear operators in

Banach spaces X,Y . Then the operator I — UV is invertible if and only if I — VU
is invertible. Furthermore,

(I-VU)'=1+V({I-UV)'U.
Proof. See [23]. O

We introduce some basic properties of linear algebra which are used later.

Lemma 2.5. Let A and B be given n x n matrices, and Q be a projector onto
ker A, i.e., @2 = Q,im Q = ker A. Denote S = {x : Bx € im A}. The following
assertions are equivalent
a) SNker A = {O}
b) the matric G = A — B Q is nonsingular.
c) R" =S @ ker A.



4 NGUYEN THU HA" AND TRAN MANH CUONG#

Proof. The proof of this lemma can be found in [28], Appendix 1, Lemma Al,
p.329. O

Lemma 2.6. A, B, Q,G mentioned in Lemma 2.5 and suppose that the matriz G
is nonsingular. Then, there hold the following relations:
a) P=G AuwhereP=1-0Q.
b)) -G 'BQ=Q.
c) Q:= —@éilg, called canonical projector, is the projector onto ker A
along S.
d) @é_l does not depend on the choice of Q.

Proof. The results in this lemma are proved in [28], p.319. O

3. SOLVABILITY OF DIFFERENTIAL ALGEBRAIC EQUATIONS WITH CAUSAL
OPERATORS

3.1. Solvability of linear differential-algebraic equations.

Let A(+), B(-) be two continuous functions valued in R"*" and f € Li,oc([(), 00); R™)
Let ¥ € .Z be a causal operator. For ever s > 0, consider the differential-algebraic
equation (DAE for short)

A(t)2'(t) = Bt)x(t) + 2([z()]s) () + f(1), t > 5. (3.1)

Suppose that ker A(-) is smooth in the sense there exists a continuously dif-
ferentiable projector Q(t) onto ker A(t), i.e., Q is continuously differentiable and
Q? = Q, im Q(t) =ker A(t) for all t > 0. Set P = I — @Q, then P(t) is a projector
along ker A(t). By these notations, the equation (3.1) can be rewritten into the
form

A®)(Px) (1) = Bt)a(t) + (S[e()]s) (1) + f(2), ¢ = 5, (3-2)
where B := B + AP’. The homogeneous equation corresponding to (3.2) is
A@t)(Py)'(t) = Bt)y(t) + (Sly()]s) (1), t > s. (3-3)

From the equation (3.2) it is seen that the solution z(-), if it exists, is not
necessarily differentiable but only Px(-). Moreover, since f is only measurable, we
have to understand the solution z of the initial problem (3.2) in Caratheodory sense,
i.e., Px() is continuous and it is differentiable almost every where with respect to
Lebesgue measure on [s,00). Therefore, we look for solutions z(-) of the equation
(3.2) from elements of J#* (s) defined as

A (s) = x(-) € L¢([s,00),R™) : P(-)x(-) is continuous
~ | and almost everywhere differentiable on [s, c0)

Next, we deal with the way to find these solutions based on the so-called index-1 con-
cept of the equation (3.1). Consider the linear operators G € L'2¢([0, 00); R"*™), G €
ZL(L'¢([0,00); R™), L'¢([0,00); R™)) defined by

G:=A-BQ and G:=A- (B+%)Q = (I -2QG™)C.

Definition 3.1. The DAFEs (3.1) is said to be index-1 if G(t) and G are invertible
for allt > 0.
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Remark 3.2. Since G(t) is invertible for allt > 0, the invertibility of G is equiva-
lent to the invertibility of I —XQG ™. Due to Lemma 2.4, it implies the invertibility
of H:=1—-QG'%.

Note that by Lemma 2.6, the index-1 property does not depend on the choice of
projectors P, see [17].

In assuming that the equation (3.1) is index-1 we split the solution of (3.2) into
z(t) = P(t)z(t) + Q(t)x(t), t = s and try to solve u(t) = P(t)x(t),v(t) = Q(t)x(t).
In order to do that, let ¢t > s, taking into account the equalities

G'A=P, G 'B=-Q+G 'BP,

we multiply both sides of (3.2) with PG~1, QG~! to obtain

v = (P'+ PG 'B)u+ PG 'S[z], + PG, (3.4)

v=QG 'Bu+ QG 'Y[u+v], + QG'f. (3.5)
Since H = I — QG~1Y is invertible, from the (3.5) we get

v=H'QG ' (B+3)[uls + H 'QG'[f],. (3.6)

Combining with H1QG™ 'S = H ' — H Y1 - QG~'¥) = H~! — I yields
v =—[u]s + H'Plu], + H QG [f]s,

where @ =I-P= —QG™'B is the canonical projection onto ker A (see Lemma
2.6). Hence,
x(t) = (H7'Plul,) (1) + (H' QG (/1) (1), (3.7)
Substituting this relation into (3.4) gets the inherent equation of (3.3)
W = (P+PG™'B)u+ PG *SH™Y (Plu)+QG™[f]s) +PGY [l (3.8)

Lemma 3.3. Let S be a function defined on [s,T] x Ly,([s,T|;R"), valued in
Ly([s,T);R™), such that S(t,u) depends only the values of u on [s,t] for every
u € Lp([s,T];R") and S satisfies the Lipschitz condition, i.e., there is a constant
k > 0 such that

15, 1) — S(tw2) 1, oy < K llus — wzll o
forall s <t < T, up,ug € Lp([s,T];R”). Then the equation
? = (P +PG'B)z + PG 'S(t,2), (3.9)
with the initial condition z(s)=P(s)xo has a unique solution z(-) satisfying:
i) z(t) € im P(t), for allt > s.

ii) there exists a constant ¢ such that if z1(-) and z2(-) are two solutions of
(3.9) then

llz1(t) — z2(t)|| < cllz1(8) — z2(8)]|, for all t € [s,T). (3.10)

Proof. The existence of a unique solution with the initial condition z(s) = Pxg can
be referred to [7, Theorem 3.16].

Multiplying both sides of (3.9) with @Q yields Qz' = QP’z, which implies that
(Qz) = Q'Qz. Thus, if Q(s)z(s) = 0 then Q(¢)z(t) = 0 for all ¢ > s. This means
that z(t) = P(t)z(t) or z(t) € im P(t).
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Finally, let z; and 22 be two solutions of (3.9). Then,
t
121 (8) = 22 (D) <llz1(s) = 22(s) ]| + /H(P’ + PGT'B)(1)(21(7) = z2(7)| dr

+ [ PG (S a0)(r) = S(r,22)(m) | .

Therefore,
lea(t) - za(0)]” < 37 ﬂzms) — ()14 ([ [P + PG B)(ar(7) = 2a()] )
+ / PG (St 2)(7) — (20| dT)”]
<37z (s) = 2 (9)|1” + K/: lz1(r) — 2 (r)|I” dr,

where K = 3P~ 1774 (sup ||(P'+ PG7'B)(7)||+k sup ||[(PG™')(7)||). By using
T€[0,7] T€[0,T]
Grownall-Belman inequality we get

[[21(t) — z2(t)|| < ||z1(8) — 22(9)]| 36%, for all t € [s,T].
Putting ¢ = 3¢’ gets (3.10). The proof of Lemma is complete. O

Thus, by virtue of Lemma 3.3, we can find the solution u with the initial condition
u(s) = P(s)x(s) from the equation (3.8). Next, we use (3.7) to get the solution z(-)
of the equation (3.2).

3.2. Variation of constants formula.
We now try to give the variation of constants formula for the solution z(-) of
(3.2). The homogeneous equation (3.3) can be rewritten as

{“’(t) = (P'+ PG™'B)a(t) + PG'SH(P[ul.(1)), (3.11)

y(t) = (H-'Plal) (), t > s,

where w = Py. Define by ®(t,s),t > s > 0 the Cauchy matrix generated by (3.3),
i.e., it is the solution of the matrix equation

A(t)®'(t,s) = B(t)®(t,s) + S([D(-, 5)]s) (t), (3.12)
P(s)(®(s,s) —1) =0, t>s>0.

Due to (3.11) and the invariant property mentioned in Lemma 3.3 we have
B(t,5) = (H 1P [®o(-, s)]s P(5)) (1), t =5 >0, (3.13)
where, ®q(-,-) is the solution of the matrix equation

®)(t,s) = (P' + PG~ B)(t)[®o(t, s)]s + PGT'SHH(P[®(-, 5)]5)(t),

(3.14)
Do(s,s)=1,t>s>0.

The variation of constants formula for the solution of (3.2) can be formulated as
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Theorem 3.4. The unique solution x(-) of the equation (3.2) with the initial con-
dition P(s)(x(s) — xzo9) = 0 can be expressed as

x(t) = ®(t, s)P(s)xo +/ o(t, 7)PG~ (T[f]s) (1)dr

+(H'QG[f5)(1),
for allt > s, where T := I + SH QG

(3.15)

Proof. By directly differentiating both sides we see that the variation constants
formula for the solution u(-) of (3.8) with the initial condition u(s) = P(s)zg is

u(t) = ®o(t, s)P(s)xo + /ttbo(t,T)PG_l(I + SH QG ) [fls(r)dr
° (3.16)
= ®q(t, s)P(s)xg +/ q’o(t,T)PGil(T[f]s)(T)dT.

By acting H ~1P to both sides of (3.16) and paying attention to the expression
(3.7) it is seen that the unique solution z(-) of (3.2) can be given by the variation

of constants formula (3.15)
¢

z(t) = ®(t, s)P(s)zo +/¢>(t’T)PG_1(T[f]s)(T)dT +(H'QG™f15)(®).

S

The proof is complete. O

Remark 3.5. From the expression (3.15) we see that although P(-)x(-) is contin-
uous, the solution z(-) of (3.2) may not be continuous.

4. PRESERVATION OF STABILITY UNDER SMALL NONLINEAR PERTURBATIONS

Let y(t,s,y0),t = s denote a unique solution of the equation (3.3) with initial
condition P(s)(y(s) —yo) = 0.
Definition 4.1.
i) The differential algebraic equation (3.3) is uniformly stable if there exists a
positive number My > 0 such that for every s > 0 we have
ly(t, s, 90)l < Mo [[P(s)yoll . t > s, yo € R™. (4.1)

i) Leta > 0. The differential algebraic equation (3.3) is said to be a-exponentially
stable if there exists a positive number M for every s > 0 we have

ly(t, s,90) | < M| P(s)yoll e =) t > s, yo € R™. (4.2)

Assumption 1. There exists a differentiable projector Q(+) onto ker A(-) such that
P =1—@Q is bounded on [0,00) by constant Kj.

The following characterizations of uniform stability and exponential stability are
straightforward generalizations of the well-known results for ordinary differential
equations, see the proof of (3.5), page 112 and (4.13), page 124 in [10]. Therefore,
we omit the proof of the following theorem in details.

Theorem 4.2. Let the assumption 1 hold. Then,

i) The differential algebraic equation (3.3) is uniformly stable if and only if
there exists a positive number My > 0 such that

|®(t, s)|| < Mo, t>s>0. (4.3)
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i) The differential algebraic equation (3.3) is a-exponentially stable if and only
if there exists a positive number M such that

[®(t, s)|| < Me™ %) t>5>0. (4.4)

By Theorem (4.2) we can estimate ||®g (¢, s)P(s)||. Indeed, from (3.13), it is seen
that

P(t)®(t,s) = P(t)(H 2P ®o(-,5)P(s))(t) = Bo(t,s)P(s), t > s. (4.5)
Therefore, if the relation (4.4) and the Assumption 1 hold then
|®o(t, s)P(s)|| = |[P(t)DB(t, s)|| < KoMe™ =) ¢ > s, (4.6)

We are now in position to consider the stability of (3.3) when f is small pertur-
bations.

Let F' be a causal nonlinear operator from L;,"C ([0, 00); R") to L;)OC ([0, 00); R"),
i.e., the condition (2.1) for F' is satisfied

my Fmy =m F for all t > 0.

Suppose further that F(6) = 6, where (¢t) = 0, for all ¢ > 0.
For every s > 0, consider the semi linear differential equation with causal oper-
ators
A(t)2'(t) = B(t)z(t) + Sz ()]s (t) + F([z()]s) (1), t > s. (4.7)
Since F'(6) = 6, the equation (4.7) has the trivial solution z = 6.
A causal nonlinear operator I' : [0, 00) X L;‘)C([O, 00); R™) — L;,OC([O,OO);]R") is
called locally Lipschitz with the function m if
o mI(t,u) = mI(t,mu) for every u € L ([0,00); R™).
e there exists a positive continuous function m. such that
T 2) =T ) 10, < mulle = yllz, 0.0,

for all t € [0,00) and z,y € Li**([0, 00); R")
In case m is a constant function, we say simply that I' is locally m-Lipschitz
continuous.

Theorem 4.3. Suppose that the function PG~1TF (w) is locally Lipschitz contin-
uous in x with the function k. and H=*QG~F(z) is locally v-Lipschitz continuous
in x with v < 1.
Then the equation (4.7) is solvable on [s,00). Moreover, for any T > 0, there is
a constant Mt such that
||x(')HLp[S,t] < Mr ||P(s)xo|, for all s <t <T, (4.8)
where x(-) is the solution of (4.7) with the initial condition P(s)(xz(s) — xg) = 0.

Proof. To simplify notations, we take s = 0. Due to (3.15), x is the solution of the
equation(4.7) if and oly if

o) = B(L0OPO) + | B(t.p)PCTP() () o
+ HTIQGTF (2()) (1).

We show that the integral equation (4.9) has a unique solution on every interval
[0,T] for fixed T > 0. Denote

S=I-H'QG™'F
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to be a function from L*[0,00) — L*?[0,00). Since H 'QG™'F is - Lipschitz
and F(6) = 0, it follows that |H'QG~'F|, g <7 <1forallt>0. Hence, §

is invertible and
oo

STH =Y (H'QGT'F)~.
k=0
Moreover, for any 21, 22 € Ll"c [0, 00) we have

157 21 — S™ 22|10, < ZW 21 — 22|, [0,6) = ||Zl =204,  (4.10)

for all ¢ > 0. This means that S™! is a Lipschitz operator.The integral equation
(4.9) can be rewritten under an equivalent form

x(t) =S~ (9(-,0)P(0)zo + / | O (-, p) PG TF (2()) (p)dp) (1), (4.11)

0
Consider the operator % (-) : Ly[0,T] — L,[0,T] given by

(# @) (0 =7 (2(.0P©)z0 + [ 2(,p)PGTF () (p)dp) )

0

for t € [0,7] and x € L,[0,T]. Let d € N and 6 = L. We prove that the
restriction of % on [0, 4] is a contractive mapping when d is large enough. Indeed,
put Np = supgc,<i<r | P(t, 5)||. For any y, 2 € L,[0, 0], using (4.10) has

1) = % W)l 0 = |57 (0P O + [ 0. PGTF G )

0

— 57 ((,0)P(O)z + / ()P (=) (p)dp)

0
1 5 t B
<1_ ([ [ eworenru -Fe)ean

S ([ ([ 1pemEe - o) ) a)

H°l<der Nrot / /||PG IT(F(y) - F(z ))(p)deP)dt)l/p

gflwff'( / ([ HPG,W(F@)_F(Z>)(p>||pdp)dt)“p

< NT5" ' / |PG—'T(F ())(p)dep)l/p
NT5 Nrkr

S 1P (F(y) - F(Z))HLP[Q&]:ﬁ‘sﬂy*z”w,a}'

By choosing d such that A{%’;Té < 1 it is seen that % is contractive. As a conse-
quence, there exists an x € L,[0, 6] with P(0)(z(0) — z9) = 0 such that
x(t) =% (x)(t), forallt e [0,0],

i.e., z is a solution of (4.9) on [0,d]. We now extend the solution z to the interval
[0,20]. Every function £ € L,[d,20] can be considered as a function £ € L,0, 26]
where £(t) = z(t) for t € [0,0] and £(t) = £(¢) for t € (§,26]. Thus we can define



10 NGUYEN THU HA" AND TRAN MANH CUONG#

U on L,[6,25] by putting % (&) = % (£). A similar way as above says that %
is contractive, which implies that the solution x can be extended to the interval
[, 20]. Continuing this way, we can solve z(-) on [0,7].

We prove (4.8). It is seen that

el e = |57 (2C.0Pa0 + [0 0)PET TP (a0, )(p)dp)\

Ly[s,t]

1
<= (1ot PGal, g + | [oCnre TG, )
1/p P
N 1/
<1_T7[ /||P $0||pds> +(/ /PG 'TF([z],)dp dr) p}
T |pi ' ( 1 | P 1/p
< TPl + ([ 7 IPET TR, ) |-
Thus,
NyT NrpTa 1/p
ol e < I1P(s)ool + T 7( [ Ol par) " a2

By using the inequality in [9, Theorem 37] we have
()L, s, < Mr [[P(s)zoll, s <t <T,
for a certain Mp > 0. The proof is complete. O
In the following, let Assumptions 1 hold.

Definition 4.4 (See [23]). The trivial solution 0 of (4.7) is said to be uniformly
L,,—stable if there exist constants My, Mz > 0 such that

1Pz (t; 5, 20)lgn < M [|P(s)Tollgn > ¢ > 5,
255, 20) 1, ooy < M2 [P(5)0]gn -
Theorem 4.5. Assume that the DAE (3.3) is index-1, exponentially stable and

H'QG1F(x) is locally v-Lipschitz continuous in x with v < 1. Further,
1. There exists a continuous function m : [0,00) — Ry such that

| PG~ [TF ()] — PG~ [TF(

(4.13)

] HL [0, T] th.’E yHLP[O,T]7 (414)
for0 <t <T < oo and x,y € Lé"c ([O,oo);R").
2. limsupm; < }W_—g, with C=C(«) is defined in Remark 2.3 corresponding to

t—o00

the function V(t) = U(t) = e~ and o, M are defined in Theorem 4.2.
Then, the solution 0 of the perturbed equation (4.7) is uniformly L, stable.

Proof. Let s > 0. By (4.14) and the locally ~-Lipschitz continuity of H QG F(z)
in z with v < 1, it is seen that for any zg € R”™, there exists the solution z(-) = z(-, s)
defined on [s,00) with the initial condition P(to)(x(s) — z¢) = 0. The second as-
sumption of Theorem implies the existence of £ > s such that
1-
my < W for all t > €. (4.15)

By the variation of constants formula (4.9), when ¢ > tq one has

x(t) = To(t) +/‘1’(t, p)PGHTF ([2]s)]le(p)dp + H QG F([z]s)(1),  (4.16)
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where
To(t) = B(t, )P0 + [ 0t ) PG 7T (o].) ()

The assumption of exponential stability of (3.3) says ||®(t,p)|| < Me=*(=P) for
all 0 < p < t. Therefore,

ITo(o)] < Memet= (s )xo||+M/ 0 || PG T () o) | .
Hence,
o T p
M| P(s)x B
ITo( )z, ey < ALEETONL 5 [/ = |Gt TE (el ) )| o dT}.
(pa) o

By Hardy’s inequality in Lemma 2.2 with the weight functions U (1) = V(1) = e 7
we have

M| P(s)x _ v
IOl € 400 [ e imerr o a)
MI||P(s)x
< MIPGITO | g M€ (M o < MsIPS)oll,  (417)
(pa)?
where Mz = Y+ + moMMC and M in (4.8).

(pa) P

On the other hand, from (4.16) it follows that

o(t) =7 (ol + [0, ) PG [TF (o] (o)) 1)

S
which implies

1
(), s, < i <|Fo(.) Iz,

+M[j <@M/TED‘P||(PGI[TF([CC}S)]f)(P)Hdp)pdT}117).

S S

Using Hardy’s inequality in Lemma 2.2 with the weight functions U(s) = V(s) =
e and (4.17) yields

(=D Oliy o < oDl + ([ (PG TR G d0)

< Mg |[P(s)x(s)|| + MCmeg [|2()]| 1, 5.4 -

Thus,
M3
. <{<——|P , t=s.
IOl < T3 37 1P, 1> 5
From this inequality it is seen that
1)z, 1s,00) < M2 [|P(8)z0]lgn (4.18)
where My = M

1—y—MCmg¢ "
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We now estimate v = Px. Combiniing (3.16) with (4.6) we have

(Ol < M Eous ||+/ MEoe™ 00| PGTF([a]) o) do

Holder 1 v
< MKol|u(s ||+ (/ | PG~ TF([2]s)(p)|]" dp)
qu ‘1

MK, p ’ u(s
< MKOHU(S)Hersm (/9 ll=(p)l dp> < MiJu(s)];

for all t > s, where M; = MKO(l + %) Thus, we get (4.13). The proof is
(ag)9
complete. 0O

In general, we can not expect the preservation of exponential stability under
small perturbation without some further assumptions. Indeed, we consider the
example

Example 4.6. Let

10 -1 1 0 1 t
A= (0 0) , B= ( 0 1) , and X(z,y)(t) = <1> m/o y(s)ds.
Consider the equation
!
A @,) - B (Zj) + X(z, ). (4.19)

H(z,y) = (z, Hi(y))" where Hy(y) =y + %—Ft y(s)ds,

We see that

and Hy '(v)(t) = v(t) — ﬁ fot (14 s)v(s)ds. The solution of the homogeneous
equation of (4.19) is (e txg,0) which is exponentially stable. However, for f(z,y) =
5(0,2) T, the perturbed system

1 0\ (2 —1 1\ [z 0y 1 [* 0
(o 0) ()= (0 ) 6= () [ (5)
satisfies the equation

. J ‘
(t) = —(1+9)x(t) + m/o (14 s)z(s)ds

5 t
y(t) = —dz(t) + m/o (14 s)z(s)ds.

It is easy to show that the solution of this system is uniformly L,-stable for —1 <
0 < 0 but not exponentially stable.

From Example 4.6 it is seen that to study the preservation of exponential sta-
bility, we need to add some further assumptions.
For any A € R, we endow L, [s, t] with the new norm || - ||L;[s7t]

t
120y = [ N¥a(m)Par.
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Denote by 7!, (s) the set of the functions z € 77! (s) with [|2]| [, o) < o0 and
by 2 (s) the set of the functions z € #7!(s) satisfying sup,, e [|z(t)] < oo.

Theorem 4.7. Suppose that the DAE (3.3) is index-1, a—exponentially stable and
there exists 0 < X\ < « such that H='QG~1F(z) is locally v-Lipschitz continuous
in x with v < 1 in the norm || - ||L27[07t], Suppose further that

1. There exists a continuous function m : [0,00) — Ry such that
| PG~ [TF(x)],—PG™" [TF(y)]tHL;[O,T] < mullz = yllpap,m (4.20)

Jor all 0 <t < T < oo and z,y € L¥° ([0, 00); R™).

2. limsupmy < }w_—g, where C' = C(a—\) is defined in Remark 2.3 corresponding
t—o0

to the function V(t) = U(t) = e~ (@M and a, M are defined in Theorem 4.2.

3. The function S~ = (I — H'QG~1F)~! acts continuously from %’;17/\(0) to
2x(0).

Then, the perturbed equation (4.7) is exponentially \-stable, i.e., there is positive
constant M such that

lz()ll < Ke A |P(s)zol, ¢ =520,
where x(-) is the solution of (4.7) with the initial condition P(s)(z(s) — xzo) = 0.

Proof. Let x(t),t > s be a solution of (4.7) with the initial condition P(s)(z(s) —
xo) = 0. For any t > s, we put p(t) = e*t=9)z(t). Since x € H#(s), so is ¢.
Moreover,

A)¢' (1) = () + B(0)(t) + Slels (8) + F([]s)(2), (4.21)

where (gl (t) = XS (e [p].) (t) and F([g]s)(t) = eMF (e [¢]s) (t).
It is seen that

G(t) = A(t) — (AA(t) + B())Q(t) = A(t) — B()Q(t) = G(1),
and the invertibility of H = I — QG~'Y is equivalent to the invertibility of H =
I — QG~'%. Moreover,
H7'2(t) = eMH (e 2())(t), t>0,2€ LY[0,00),

which implies that the equation (4.21) is index-1. The homogeneous equation cor-
responding to (4.21) is

A6y (£) = (M) + B(®))y(t) + (Slyls) (1)- (4.22)
Denote by ¥(t, s) the Cauchy matrix of the equation (4.22). By the a—exponential
stability of (3.3), we see that

[W(t,s)|| < Me (@ NE=) ¢ > 5> 0.
Let T:= 1+ iﬁleG*I. The variation of constant formula says that

P() = Ut )P(S)a0 + [ B(t,r)PGEF (o)) (r)dr

+H QG F([p()]s)(t), t > s.

By the assumption of Theorem, the function H 'QG~1F(-) is locally y-Lipschitz
in the norm || - {| a5, ie., for all 21, 25 € Lkc[0, 00),

IH' QG (F(e™21) — Fe™22)) Ly <vlle™ (21 = 22) 30,4

(4.23)
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=721 — Z2||Lp[o,t] :
This inequality implies that
1 'QG™ (F(21) = F(22)) 0.0 = | H QG (F(e™21) = Fe™* 22))l| L3 o.1
<7z - ZZHLP[o,t] 5
for all z1, 29 € Lifc[O, 00), i.e., fI‘lQG_lﬁ is vy-locally Lipschitz.

Further, for any 0 <t <7 we have

||PG71[TF(67A~Z)]t||’;; 017 /tT||e*TPG1[(I +NHQGTY) Fe ™ 2)], ()|
T P
:/0 HPG_l[(I+e)"Z(e_A'[e’\'H_l(e_A'QG_l)]))e)"F(e_A'z)L(T)H dr

/OTHPGl[(I+§]IAi:1QG1)6’\'F(e)"z)]t(7)deT PG [TF(2) Lo

|
Combining with (4.20), we get
IPGYTF(z1)]e — PG TF (22)]ll, o1 < e |21 — 2|z, 0,17 (4.24)

for all 21,z € LI°[0, 00).
Thus, all assumptions of Theorem 4.5 are satisfied, which implies that

o)L s.00) < Mal[P(s)g(s)]]- (4.25)
By using (4.24) and (4.25) we have

[e¢) t

]OH/\I/(t,T)PG_l'ﬁ‘ﬁ([gD]s)(T)dTdet g/[Me—(a—/\)(t—r)/”PG—lﬁﬁ([@]S)(T)||d7]pdt

Hardy 7 ~ ~ p
Sear [IP6 TR (el (ldr| it < Com PP

where C' = C(a— A) is defined in Remark 2.3 corresponding to the function V() =
U(t) = e~ (@Mt This means that the function

t
h(t) = \I/(t7S)P(S)l'O +/ qj(t’T)PG_lTF([@]S)(T)dT,t > s

belongs to ‘%ﬂpl [s,00) and
||hHLp[s,oo) < |msMM,Cw + .

T I
pHa— A
From (4.23), it is clear that when t > s

S(@)(1) : = () = H'QGF([¢]s)(1)

}I\P(S)w(S)II = N||P(s)p(s)l-
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Note that if h € 7' (s) then e"*'h(-) € !, (s). Since S™! acts continuously from
H1(0) to Bx(0), it follows that

sup [lp()|| = sup [|eXS™ e N [l (1)
t>s t>0
~ st
=Ci|hll,

—A
SH,@A(O) <G He h]SHL;[o,oo)
Jsioe) S CIN|[P(s)p(s)] := K| P(s)e(s)]],
where C; = HS*H. Thus,

lz()]] < Ke M2 |[P(s)a(s)], ¢ >s>0.
The proof is complete. O

Example 4.8. Consider the equation
(6 o) (i) = (o 1) (i) +=ewo
E(z, y)( ( ol 0 > :

The solution (0,0) of this equation is a—exponentlally stable with a = 1, M = 1.
Let F = (Fy, Fy) : R? — R? be a Lipschitz function with the Lipschitz coefficient §
and F(0,0) = 0. Consider the perturbed equation

((1) 8)@:8;)—(_01 D<§8>+ S(z,y)(t) + Flz,y)(t), t=0.  (4.26)

By direct calculation we see that @ = (O O) Gl = ((1) :}) ;
)

where

0 1

t
H(z,y) = (z,Hi(y))", where — Hiy=y+ [ y(s)ds,

0
Hfl(v) =v— e*t/o e‘v(s)ds; H! (i) = (x,Hfl(y)),

H'QG™'F=(0,-H;'F); PG 'TF=(F —H;'F,0)".

t

Therefore,

¢ »
|H QG " F(a, y)HLzm (/ IezHlle(x,y)(S)l”dS)

([ bsteonofa)) ([ [mcninfa)
vl e vy

Hardy
501+ 0) H( )

Ot]
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where C' = C(3) is defined in Hardy inequality (2.2) corresponding to the function
t
—z,

Vi)=Ut)=e Furthermore

=

T
pr-imret, = [ letpemra ol )

= (/OT IegFl(x’y)(S)l”dsY + (/OT (egH{le(x,y)(S)l)pd8>
5(2+C) H(Z”)

Thus, with § such that § < m, all assumptions of Theorem 4.7 are satisfied,

5=

N .
L3 [0,7]

which implies that (4.26) is exponentially stable.

5. BOHL-PERRON TYPE THEOREM

We now pass to the study of the Bohl-Perron’s Theorem for implicit differential
equations with causal operators. That is we investigate the relation between the
exponential stability of homogeneous equation (3.3) in Lyapunov sense and the
boundedness of solutions of non homogeneous equation (3.2). We keep Assumption
1 to this section. For any 8 > 0 and s > 0, define the weighted space

q€ Ll"c([s 00)); R™) foo |left PG—1T[q]s(t)||Pdt < oo
£y(s) = { and [ |#*QGVT(qls (1)|Pdt < oo }

Endow Lg (s) with the norm
lally, = [ (PG Tlal. (0] + QG Tl ()P e

Lemma 5.1. For any 8 >0 and s > 0, ﬁ (s) is a Banach space.

Proof. We need only proving the positive definiteness of the norm || - H]‘[’:,3 )" By
noting I + H-'QG'Y = H~1, it follows that T := I + SH-'QG! is invertible
by Lemma 2.4. Let ¢ € £5(s) with ||q||12ﬁ( )= 0, which implies G~1T[q]s(t) = 0 for
P S
almost everywhere t € [s,00). Since G and T are invertible, ¢ = 0.
The proof is complete. O

For any s > 0, by formula (3.15), the solution of (3.2) with the initial P(s)z(s) =
0 is given by z(t) = Zf, where

Fsf(t) :/ ®(t,s) PG 'T[fs(s) ds + (HT'QGT[fl)(1), t > . (5.1)

Theorem 5.2. Suppose that 8 < «. If the system (3.3) is a-exponentially stable,
then for every f € [,5(0), the solution of (3.2) with the initial P(0)x(0) = 0 is in

7 5(0).
Proof. From the exponential stability of (3.3) we have
s\ 2
dt>

LE[0,00) = <

Bt ®(t, s)PGH(Tf)(s)ds

/O° (+, ) PG T (s) ds
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<M</ [eﬁt/ —oU=) | PGTIT(s) || ds} dt)
0 0
00 t %
=M (/ [e<aﬂ>t/ e ||PGTITf(s)|| ds} dt) .
0 0

By using again Hardy’s inequality with U(t) = V(t) = e~ (=5t we obtain

‘ < MC </j‘ ﬂ>sea8PG-1Tf(s)des>'l’
Ly[o, 00)

1
<MC </ |e?*PG='Tf(s)|]" ds> < o0.
Next, note that

QGT'T=QG ' (I+XH 'QG™!) = QG+ QG'SH QG
=QG ' - (I-QG 'Y H'QG' +H'QG™ = H'QG™.
Therefore, the assumption f € £°(s) implies that
HH_lQG_lfHLg[o,oo) - (/ ™ QG Tf(t ||pdt)p o0-

Thus, = € 2, 4[0,00). The proof is complete. O

/.@(.,S)PG_l’]I‘f(s) ds
0

Denote by £ (s) the space of linear continuous operators from L7 (s) to L5 [s, c0),
s = 0. To prove the inverse relation, we need the following lemma.

Lemma 5.3. Let~,8 > 0. If %y € Z(0) then F, € L(s) for any s > 0. Further,
sup || Fsll () =k < 0. (5.2)
=20

Proof. Firstly, we show that %, is bounded. By assumption, for any f € £7(0),

the solution z(t) associated to f of (3.2) with the initial condition P(0)x(0) = 0 is
in L2(0). We define a family of operators {V;}¢>¢ as following:

Vi £1(0) — L;(0)
= Vil(f) = meFo(f).
From the assumption of Lemma, we have

1
SupHthHLﬁ —Sup /HeﬁTJOf || dT /Heﬁt || dt)p

for any f € £7(0). Using Uniform Boundedness Principle, we see that
%ol 20y = iglg Vil (o) =k < o0 (5.3)
Let f be arbitrary function in £](s). By variation of constants formula, the solution

x(t),t = s of the Cauchy problem (3.2) with the initial condition P(s)x(s) = 0
corresponding to f is of the form

x(t):/ B(t,7) PG T[f]a(r)dr + (H'QGf1,) (1), t > s.
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It is easy to see that the function
2(t) = [z()]s, £20,

is the solution of the Cauchy problem (3.2) associated with [f], with the initial
condition P(0)z(0) = 0. Therefore, from (5.3) we have
12O 0oy = 12O 510,00y < RNl cz0) = Fll Loy
Thus,
[Zsll sy <k, forall s> 0.
The proof is complete. ([

Theorem 5.4. Suppose that for py < 8 we have
(1) The unique solution of the Cauchy problem (3.2) with the initial condition
P(s)xz(s) =0, associated with every f € L] (s) is in L5 (s).
(2) The operator QH™'P acts continuously on %+(0).
(3) The operator PG~ satisfies the condition

e PGTISHTP() <K 2Ollggg g Jor all 2 € L0, 00), (5.4)
p Yy

e supe <! || (P'+PG~'B) (t)H < Ky, wheree=0—py, Ky > 0. (5.5)

>0
Then, the indexz-1 DAE (3.3) is exponentially stable.

Proof. With an arbitrary s > 0, for any ¢ > 0 and v € R"”, let
f(t) = e A1 o400 (1)
It is clear that QG~'[f]s = 0, T[f]s = [f]s and

[e%s) s+o
||f||,cg(s)=/e”tHPG‘lTe‘”'l[s,m](-)A(-)v(t)l\dt = [ |P(t)v]ldt < o Ko|v]lgn -
s s

This means that f € £](s). Let z(¢) be the solution of (3.2) associated to f with
the initial condition P(s)z(s) = 0. It follows from (3.15) that for all ¢ > s

x(t):/ <I>(t7T)PG_1T[f]8(T)dT:/ B(t,7)PC[f]s(r)dr

(s4o)At
= / e TO(t, 7)P(1)vdr,
Thus, by (4.5) we have
(s4o)At
P(t)x(t) ::/ e Ty (t, 7)P(T)vdT,

Hence, combining with (5.2) yields

o (st+o)At p %
(/ Heﬁt/ e o (t, ) P(ryvdr || dt) = 1Pa()

< Ko ll20)ll 5

Since ®y(t,s),t > s is the solution of (3.14), lim, s ®o(t,7) = Po(¢,s). Therefore,
dividing both sides of this inequality by o and letting ¢ — 0 obtain

1

</ " e, s>P<s>vH”dt) " <RI Py (5.6)

S

S kKol fllzyes) < ko K3 ||v]| -
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Denote by y(:) the solution of the equation (3.3) with the initial condition
P(s)(y(s) —xg) = 0. Put u = Py then u(-) = Pg(-,s)P(s)xg. By virtue of the
first equation of (3.11) we have

g 1 PO Bl PO
It is seen that
||e*5'(P'+PG71§)U(')HL2([St - </ ||eﬂ7' 7€T(PI+PG 1B H d7'>

K, (/ HeﬁTu(T)Hp dT) : < k’KgKle” 1P(s)xoll,

and

H(e*E'PG*zH*lﬁ[u(-)]s

< Ko [[[u()]s ||L§([0,t])
1
P

t
=K (/ HeBT@()(T,s)P(s)xOdeT) < EKZK e || P(s)xo] -

Ly ([0,t])

Thus,

() ||Lf;[s,oo)

where Ky = 2kK§K1. On the other hand,

ol — oo | 2+ B) =t
o/ (B = tim | ==

e < Kae? || P(8)xo]| - (5.7)

> lim
h10

[ult + M) — Jlu(t |’ ‘dHu |’
h

Therefore, from v = § — ¢ and % + % =1 we have

: ' dfera(n)?
R e

t t
_q dl|u(T
= [le”u(s)||” + py e’ u(r)||P dr —|—/ e |lu(r)||” 1 w(ﬁ'
s s

t t
< ne78u<an’+-pv”/‘|kﬂfu<r>npch-+-J/ B~ u(r) [P ol (7) | dr

‘ s, 1 By -
ﬂW%®W+mﬂWmem+/mHMﬁP%pWEW%WW

S
Holder » t »
<|men+m/HWMﬂnm
S

1 1
t 7 t >
+</ 667|u(7)||q(p_1)d7) (/ P ||~ () ||pdT>

By using (5.6) and (5.7) we get
e u(®)]]” < (14 pykPKP) |7 u(s)|” + (REge™ u(s)]| ) * Kae™ [lu(s)|
= (K3)Pe" [lu(s)]|”,
where (K3)P =1 —|—p'yk:pK2p + (k‘Kg)%KQ. Thus
()| < Kse "% |ju(s)|, for all t > s. (5.8)
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On the other hand, by assumption, the operator QH ~1P acts continuously on
2-~(0). Therefore, with v = Qy we have

sup e [o(t)]| =supe® | QH Plu()).(t)| < |[@H 1P

t>s t>s

K; HQHAJSH " ||u(s)|| for all t > s.

sup ™" [|u(t)]|
t>s

Or,
lo(t)| < K |[QH P == u(s)]|. (5.9)
Combining (5.8) and (5.9) obtains
ly(@)|| < Kse™ ") || P(s)aol|, for all t > s,

where K4 = K3(|QH 1P| + 1).
The proof is complete. O
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